Abstract-The electrocardiographic inverse problem of computing epicardial potentials from multi-electrode bodysurface ECG measurements, is an ill-posed problem. Tikhonov regularization is commonly employed, which imposes penalty on the L2-norm of the potentials (zero-order) or their derivatives. Previous work has indicated superior results using L2-norm of the normal derivative of the solution (a first order regularization). However, L2-norm penalty function can cause considerable smoothing of the solution. Here, we use the L1-norm of the normal derivative of the potential as a penalty function. L1-norm solutions were compared to zero-order and first-order L2-norm Tikhonov solutions and to measured 'gold standards' in previous experiments with isolated canine hearts. Solutions with L1-norm penalty function (average relative error [RE] = 0.36) were more accurate than L2-norm (average RE = 0.62). In addition, the L1-norm method localized epicardial pacing sites with better accuracy (3.8 ± 1.5 mm) compared to L2-norm (9.2 ± 2.6 mm) during pacing in five pediatric patients with congenital heart disease. In a pediatric patient with Wolff-Parkinson-White syndrome, the L1-norm method also detected and localized two distinct areas of early activation around the mitral valve annulus, indicating the presence of two left-sided pathways which were not distinguished using L2 regularization.
INTRODUCTION
Electrocardiographic Imaging (ECGI) 27 is an imaging modality for noninvasive mapping of cardiac electrical activity in humans. It reconstructs epicardial potentials, electrograms, activation (isochrones) and recovery sequences on the epicardial surface of the heart from 250 body-surface electrocardiograms (ECG) and an ECG-gated thoracic CT scan. The theoretical basis for ECGI is a potential-based inverse problem 29 for Laplace's equation. Martin and Pilkington 23 were among the first to study the relationship between epicardial and body-surface potentials using simple geometry. Barr and Spach 3 and Colli-Franzone et al. 8 have made early seminal contributions to the methodology of solving the electrocardiographic inverse problem. The inverse solution in terms of epicardial potentials is unique and epicardial potentials have been shown to reflect underlying myocardial activity. 30 Recently, ECGI has been applied in the clinical setting 15, 16, 19, 20, 35, 36 after extensive validation in animal studies. 5, 6, 24, 26 Alternative approaches to the inverse problem include representation of cardiac electrical activity by several fixed or moving dipoles 8 and model-based activation imaging which aims at reconstructing the activation sequence on both endocardial and epicardial surfaces 9, 33 or over the myocardial volume. 38 While activation imaging yields a unique solution and has been shown 7 to be less affected by measurement noise than the potential-based method, it does not provide information about the entire cardiac cycle which includes both activation and repolarization. Another approach, alternative to the potential-based method, is imaging of cardiac transmembrane potentials, a concept that stemmed from the work of Geselowitz and Miller 13 and later developed and implemented by Fischer et al. 12 ECGI was validated extensively in canine-heart experiments during normal sinus rhythm 24 and ventricular pacing. 26 It was used to image electrophysiologic substrate and reentrant ventricular tachycardia in infarcted hearts. 5, 6 It was also shown to image cardiac repolarization and its spatial dispersion.
14 ECGI was applied to image cardiac excitation in humans under normal 27, 28 as well as a variety of pathophysiological conditions. 15, 16, 19, 20, 35, 36 Recently, ECGI was applied successfully in the pediatric population, 15, 16 though with smaller number of electrodes (160-200) due to smaller torso-size. The procedure of ECGI involves solving Laplace's equation in the source-free volume conductor between the epicardial and torso surfaces. Boundary element method (BEM) 4 is applied to discretize the torso and the epicardial surfaces to derive a relationship between the epicardial potentials (V E ) and the torso potentials (V T ): AV E 5 V T . The transfer matrix A is derived by solving the boundary integral formulation of Laplace's equation for the well-posed forward problem using the boundary element method. The boundary in this particular problem consists of the epicardial surface of the heart and the torso surface defined by the position of the torso-electrodes. The surface geometries (coordinates) are obtained by accurate measurement with a digitizer in the case of canine experiments and from ECG-gated CT scans in the case of human studies. Thus the matrix A represents the heart-torso geometrical relationship. It does not depend on a stylized model of the heart-torso, rather it is specific to each study subject (human or canine).
The transfer matrix A is ill-posed and V E is computed from V T using Tikhonov regularization 32 where the objective function is
In the above expression, the first term is the least square minimization term while the second term places a penalty or constraint on the L2-norm of the solution or its derivatives, depending on the operator F. k is the regularization parameter, chosen by the L-curve or other methods. 18, 29 F is an operator which is usually taken as the identity matrix, thereby placing a constraint on the amplitude of the reconstructed epicardial potentials (zero-order Tikhonov [ZOT] ). Choice of the penalty function affects the solution. Previous work 22, 31 has indicated superior results obtained by using the L2-norm of the normal derivative of the potential ð@V E =@nÞ as a penalty function, a first order Tikhonov (FOT) scheme. However, use of a L2-norm based penalty has a spatial smoothing effect on the solution which may lead to the loss of diagnostically meaningful information (e.g. accurately localizing an arrhythmic focus or resolving two distinct foci in close spatial proximity). Various regularization algorithms have been applied to the ECG inverse problem, mostly based on Tikhonov regularization that imposes L2-norm constraints. Ahmad et al.
1 introduced the possibility of imposing multiple constraints for improving the ECG inverse solution. Spatiotemporal regularization methods have been also developed by different groups 17, 25 working on this problem. However, these L2-based algorithms smooth the solution, which may reduce the accuracy of localizing cardiac sources and of resolving multiple sources in close spatial proximity.
Non-quadratic regularization technique, alternatively known as total-variation regularization, 11, 21, 34 has been applied with considerable success in the field of image restoration, especially in restoring highfrequency spatial features of the image. A rich body of literature 2,10,37 also exists on the development of L1 norm approaches for bioelectric source imaging problems in the field of magnetoencephalography (MEG) and electroencephalography (EEG). Wolters et al. 37 developed an L1-norm approach for source reconstruction problems in MEG. The L1-norm approach has been also developed for sparse source imaging 10 in EEG. Bai et al. 2 have established the L1-norm method as superior to higher order norms for cortical current density imaging with realistic anatomic models derived from patients undergoing neurosurgical evaluation. This technique penalizes the L1-norm of the gradient function and yields less-smoothed solutions with more localized details. There have been no previous studies involving application of nonquadratic regularization in the electrocardiographic inverse problem. Here, we apply a regularization scheme based on penalizing the L1-norm of the normal derivative of the potential. We compare the solutions of this scheme with L2-norm based Tikhonov regularization in different experimental preparations of canine hearts, as well as in clinical applications in pediatric patients.
METHODS

Computational Methods
The objective function using an L1-norm based penalty is given by
where k is the regularization parameter chosen by the L-curve technique 18 and the subscripts 1 and 2 indicate L1 and L2 norms respectively. Logarithmic plots (base 10) of the L1 norm of the solution's normal derivative vs. the residual L2-norm are 'L-shaped' for all datasets and are amenable to L-curve analysis commonly performed in Tikhonov regularization for choosing a regularization parameter. L-curve plots are shown in Fig. 1 for three different datasets: single site pacing (left), post-infarct canine data (middle) and the data for the WPW patient (right).
A BEM solution of Laplace's equation, applied to the torso and epicardial surfaces comprising the boundaries, yields the following matrix equations
Equation (2) is derived by reordering the set of equations which relate the potential (V) and its normal derivative ð@V=@nÞ at each boundary node. These equations are obtained by formulation of the boundary integral equation for Laplace's problem, using the fundamental solution (Green's function) as a weighting function. 4 The reordering is performed in such a way that potential at the torso boundary, V T and the normal derivative of the potential at the epicardial boundary, @V E =@n are on the left side while @V T =@n and V E are on the right side. (Note that if the subject is in non-conductive air, @V T =@n ¼ 0). B and C are the BEM transfer matrices. 4 By extracting the appropriate rows and columns of the matrix C 21 B, a transfer matrix D can be derived relating @V E =@n to V E :
Thus the objective function can be expressed as
The above formulation leads to a non-linear optimization problem due to non-differentiability of the L1-norm penalty function. It has been shown 21 that an estimate of the solution can be obtained by solving the following set of equations as b fi 0.
where the diagonal weight matrix W b is obtained by
and b is a small positive constant. For each dataset presented here, b is assigned a value of 10 À5 and is kept fixed at this value for all iterations. The L1-norm of the derivative is approximated as DV E j j%
Thus when the local derivative is small, the weight goes to a large value imposing greater smoothness on the solution. When the local derivative is large, the weight goes to a small value, allowing large gradients in solution coefficients at these locations. This leads to correct estimation of gradients, as opposed to L2-norm based constraints which may overestimate or underestimate the solution gradients depending on the penalty function.
Computationally, the equation is still non-linear since the weight matrix depends on the solution V E . However, it can be estimated by a fixed point iteration for V E , only requiring the solution of a standard linear problem at each step. Thus
where V E k is the solution at the kth iteration, starting with an initial guess of zero. The computing time may be reduced by setting the starting guess at the jth time step of the cardiac cycle to the fixed iterative solution obtained at the (j À 1)-th time step, since the solution can be assumed to be a continuous function of time at high sampling rates ( ‡1 kHz).
Experimental Methods and Protocols
We evaluated and compared the L1 norm regularized solutions to those of L2 norm-based Tikhonov solutions using data from previously performed experiments in isolated canine hearts. 6, 14, 26 In addition, we compared the accuracy of localization of epicardial pacing sites by these methods in five pediatric patients undergoing cardiac resynchronization therapy, using the CT coordinates of the tip of the pacing lead as the 'gold standard'. Lastly, we present a single example of a pediatric WPW patient 15 where we used the two methods to localize the pre-excitation area noninvasively to guide intracardiac catheter mapping and ablation. The sampling rate for canine and human data presented here are 1 and 2 kHz, respectively. A brief description of the protocols is provided below: (a) Pacing of an Isolated Canine Heart in a Human-shaped Torso Tank 26 : This set up consisted of an isolated canine heart suspended in a homogenous electrolytic medium in the correct anatomical position inside a tank molded in the shape of a human torso. The tank had 384 surface electrodes recording torso potentials and 242 rods with electrodes at their tips that formed an epicardial recording envelope around the heart. The torso-surface potentials and epicardial potentials were recorded simultaneously. The torsosurface potentials provided the input data for ECGI reconstruction of epicardial potentials, FIGURE 1. Logarithmic plots (base 10) of L-curve used for choosing a regularization parameter. The plots are shown for three different datasets: single site pacing in isolated canine heart (left), post-infarct canine data (middle) and WPW patient (right). electrograms and isochrones which were then evaluated by comparison with those measured directly by the rod-tip electrodes. Data obtained during epicardial pacing from an anterior right ventricular (RV) site were used. (b) Infarct Substrate 6 : Epicardial potentials during right atrial (RA) pacing (simulating normal sinus rhythm) were recorded from a 490-electrode sock. A region of infarcted tissue was created in the left ventricle (LV) by ligation of the left anterior descending coronary artery (LAD) and ethanol injection. Details of the experiment are provided in the original publication. 6 The measured epicardial potentials were used to compute body-surface potentials in a homogeneous computer model of the human torso. Measurement noise (100 lV peak to peak, Gaussian) and geometrical errors 5 mm Gaussian) were added to the body-surface potentials and the electrode positions respectively, to simulate experimental or clinical measurements. These data were used to reconstruct epicardial potentials by ZOT and FOT as well as the L1-norm based regularization schemes. (c) Dispersion of Repolarization 14 : Abnormal and heterogeneous repolarization provides a substrate for reentrant arrhythmias. In this experiment localized cooling and warming of adjacent regions in the LV epicardium was performed to induce high spatial dispersion of repolarization. Epicardial potentials were recorded during RA pacing and QRST integral maps were computed to reflect local repolarization properties. 'Realistic' bodysurface potentials were then generated from these measurements using the same methods as described in (b). These were used to perform the ECGI reconstructions and compute reconstructed epicardial QRST integral maps. (d) Pacing in Pediatric CRT Patients: ECGI was performed during pacing from epicardial sites in five pediatric heart failure patients with congenital heart disease, who are undergoing CRT. Due to the smaller torso size of pediatric patients, 160-192 electrodes were applied to the body surface instead of the usual 250 electrodes for ECGI in adults; 160 bodysurface electrodes were applied for children less than 12 years old; 192 torso-electrodes were applied for patients aged between 12 and 18 years. A pacing site simulates an ectopic focus and these data were used to ascertain the relative localization accuracy of the L1 These data demonstrated the clinical utility of the L1 norm method in producing higher resolution activation-maps compared to the L2 norm.
Data Processing and Evaluation Protocol
For datasets obtained from experiments with isolated canine hearts, L1-norm and L2-norm ZOT/FOT reconstructions were compared to directly measured epicardial data, which served as the 'gold standard'. A zero initial value was used as a starting point for the fixed iterations for obtaining the L1-norm solutions. The regularization parameter k was chosen by the L-curve method. Typically, two quantities were reconstructed: (a) epicardial potential maps which depicted the spatial distribution of voltage on the epicardial surface at a given time instant during the cardiac cycle, (b) electrograms which depicted the variation of voltage as a function of time at a given point on the epicardial space. In addition, epicardial QRST integral maps were constructed for depicting local repolarization properties for the dataset on dispersion of repolarization in isolated canine heart. Quantitative measures of ECGI accuracy were obtained by computing relative errors (RE) and correlation coefficients (CC) between the reconstructed and measured epicardial data.
where N is the number of epicardial nodes for comparing epicardial potentials or number of timepoints for comparing electrograms. V i C is the noninvasively reconstructed (computed) epicardial data at the ith node or time-point, V i M is the corresponding measured data, V m C and V m M are their respective mean values. For epicardial potential maps, RE gives a measure of overall accuracy of the reconstructions while CC indicates how well the spatial pattern of reconstructed potentials is preserved with respect to the measured data. Representative values of RE and CC are averaged over the entire cardiac cycle. For electrograms, CC indicates how well the reconstructed electrogram resembles the measured electrogram in morphology.
L1-norm and FOT L2-norm regularization methods were used for computation of ECGI data in humans. For the datasets on pacing in pediatric heart failure patients, accuracy of localization of pacing sites from the reconstructed spatial epicardial potential maps was computed with respect to the CT coordinates of the tip of the epicardial pacing lead. The pacing site was localized from the computed epicardial potential maps at the geometrical center of the quasi-elliptic region of negative potentials that develops on the epicardial surface during the initial phase (10-20 ms) of activation during paced rhythm. (The geometric center of a collection of 'n' points with Cartesian coordinates x is defined as P x/n). The overall accuracy of localization, taken over all the subjects, is expressed as mean ± standard deviation. ECGI data from the pediatric WPW patient is presented in the form of epicardial activation-isochrones. Activation-isochrone map is computed from the reconstructed epicardial electrograms by assigning local activation time as the time-point when the negative time derivative of the electrogram reached a maximum (ÀdV/dt max ). Areas of early activation in the pre-excited rhythm identified sites of pre-excitation in the WPW patient. ECGI data in the human subjects were also compared visually for qualitative assessment of the solutions obtained from the two methods.
RESULTS
Pacing of an Isolated Canine Heart
in a Human-shaped Torso Tank 
Infarct Substrate
The first row in Fig. 3 Figure 4 shows the epicardial electrograms pre-and post infarction. Electrograms are displayed from three epicardial sites marked in the cartoon of the heart in panel a. Rows 1 and 2 show the pre-(top) and post-infarct (bottom) electrograms from LV sites 1 and 2 within the infarct area marked in the cartoon of the heart (left). Row 3 shows electrograms (pre-infarct, top; post-infarct bottom) from a RV site 3 remote to the infarct area. While morphology of the electrogram at site 3 remains unchanged, electrograms at sites 1 and 2 become negative and fractionated post-infarct with multiple deflections. The L1-norm scheme preserves better than L2 the multiple deflections and morphologies of the post-infarct electrograms (CC = 0.97 compared to 0.87 for ZOT and 0.86 for FOT).
Dispersion of Repolarization
Epicardial QRST integral maps computed from measured and reconstructed epicardial data during simultaneous LV warming and cooling are shown in Figure 6 shows ECGI epicardial potential maps during early activation (10-20 ms after onset of QRS in the paced rhythm) in pediatric CRT patients with congenital heart disease. The first two panels in each row show the right anterior oblique (RAO) view during pacing from a right-sided or a posterior lead alone. The third and fourth panels in each row show the left Figure 7 shows the left lateral view of ECGI activation map in a 5 year old male patient diagnosed with WPW syndrome, with the body-surface ECG delta-wave and QRS morphologies suggesting a left anterolateral or lateral insertion of the accessory pathway. ECGI activation isochrones are displayed in steps of 3 ms for maximum resolution. The FOT reconstructed activation-map shows a large area of early activation (light pink, panel a) around the mitral annulus (MA), confirming a left-sided pathway. With the L1-norm scheme however, two distinct areas of early activation are observed (white, panel b), one in the left lateral (LL) and the other in the left posterolateral (LPL) region near MA, suggesting the presence of two left-sided pathways. This was later confirmed by electrophysiologic study (EPS) and subsequent radiofrequency ablation at two sites, located at 3 o'clock (LL) and 5 o'clock (LPL) positions around MA, leading to loss of pre-excitation and restoration of normal sinus rhythm.
Pacing in Pediatric CRT Patients
DISCUSSION
A non-quadratic regularization scheme, constraining the L1-norm of the normal derivative of the solution, was applied to the epicardial potential based inverse problem of electrocardiography. The solution obtained by this new scheme was compared to standard L2-norm Tikhonov regularization (ZOT and FOT) for experiments with isolated canine hearts, where measured epicardial data were used as the 'gold standard.' Since ZOT does not impose constraints on the gradient but only on the amplitude of the solution, the errors in ZOT originated from incorrect estimation of solution gradients. Consistent with results from previous studies, 22, 31 FOT which imposed constraint on the solution gradient, had greater accuracy (lower RE) compared to ZOT. However, use of L2-norm in FOT caused spatial smoothing of the solution, which also led to smoother temporal features. This is demonstrated by the infarct substrate data where the L2-norm based regularization failed to accurately reconstruct the multiple deflections in the electrograms from the infarcted area (bottom panels, rows 1 and 2, Fig. 4) . The L1 norm-based regularization scheme correctly preserved the spatial voltage gradients in the solution, leading to accurate reconstruction of spatiotemporal characteristics of ECGI data. However, for epicardial QRST integral maps (Fig. 5) , both FOT and L1 norm scheme produced maps with similar accuracy. QRST maps involve a smoothing operation (integration) over the QRST segments of the cardiac cycle, and do not benefit from the ''non-smoothing'' property of L1 regularization.
The smoothing effect of the L2-norm penalty function was also apparent in the data from pediatric CRT patients where the smaller torso-size of the patient permitted use of only 160-192 body-surface electrodes instead of 250 applied in adult patients. The use of a smaller number of measurement points in conjunction with application of a L2-norm penalty function resulted in overly smoothed solutions and reduced localization capability in smaller two-ventricles and univentricular hearts, as reflected by the ECGI epicardial potential maps during paced rhythms (Fig. 6) . The L1 regularization scheme led to an improvement in the localization of the pacing sites. Lastly, the single example of the pediatric WPW patient with two left-sided pathways demonstrated the potential clinical benefit of this new regularization scheme. While the Tikhonov regularization showed one large spatially smooth area of early activation, the L1 norm scheme localized two distinct sites of pre-excitation, located laterally and postero-laterally around the left annulus (Fig. 7) . In general, the L1-norm scheme produced FIGURE 7 . ECGI activation map (left lateral view) in a pediatric Wolff-Parkinson-White (WPW) patient. Activation maps generated using FOT and L1-norm regularization are shown in panels (a) and (b), respectively. L1-norm activation map shows two discrete areas of early activation (white and black asterisks, b) indicating the presence of two left-sided pathways. The FOT map shows one broad area of early activation (light pink, a). MA, mitral annulus. more accurate and higher resolution ECGI maps compared to the standard L2-norm Tikhonov methods.
Computing Time
L1-norm based regularization technique is computationally more complex than L2, due to the non-linearity of the problem. Table 1 compares the computing times (total time for computing potentials over the entire cardiac cycle). By choosing the fixed iterative solution at the (j À 1)-th time-step of the cardiac cycle as the initial guess at the jth time-step, the computing time decreases considerably (~5-6 times) compared to the time with an initial guess set to zero at each time-step, without any compromise in solution accuracy. The reduced computing time (<3 min) thus obtained makes this method suitable for clinical application of ECGI.
